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Abstract
A stable plane wave multilevel fast multipole method (SPWMLFMA) is presented for the
simulation of the scattering at a very large number of scatterers using the T-matrix method.
The method is used to accurately simulate the interaction of an incident field with a piece
of metamaterial consisting of a large number of particles embedded in a host medium. From
the scattering data it is possible to derive effective material parameters of the piece of
metamaterial. We will show two examples. The first one consists of a metamaterial Luneburg
lens and illustrates the interaction of the incident field with a large number of scatterers and
the second one is a chiral medium composed from a large number of metal spiral like objects
and illustrates the extraction of effective parameters.
1. Introduction
The T-matrix of a particle relates incoming and scattered vectorial spherical harmonic coeffi-
cients of the fields. Knowing the T-matrix for each particle in a cloud allows the construction
of a linear system of equations describing the interaction of an incoming field with the cloud.
The dimension N of the system is equal to the number of particles multiplied by the number of
spherical harmonics per particle. Typically the size of the particles will be small and the size
of the cloud will be large compared to wavelength. To solve this system efficiently we will use
the SPWMLFMA [1] which is valid in the low and the high frequency regime. We have further
accelerated and optimised this method [2].
The T-matrix of an individual particle is evaluated analytically in the case of a sphere or
using a detailed Method of Moments integral equation analysis in the case of a more complex
particle. For metal particles we use an electric field integral equation.
To extract the effective material parameters of a metamaterial composed of a cloud of parti-
cles a spherical cloud is considered and the T-matrix of the total cloud is calculated. From that
an analytical technique is used to extract effective material parameters. I.e. material parame-
ters of a homogeneous sphere are determined that produce the same T-matrix as the spherical
cloud. Since different spherical harmonics can be compared we have a check for the accuracy.
In practise we will take the average of the result of four to five such sperical harmonics.
2. A Luneburg lens
As a first example we consider a Luneberg lens of 8 λ diameter build from a large number of
spherical particles with increasing density towards to the center of the lens. The density as a
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Figure 1: Plane wave incident on a metamaterial Luneberg lens.
function of radius was guessed from the Maxwell-Garnett approximation. The particles have
a diameter of 0.12 λ and a relative permittivity of 12. In the example N = 257394 for 42899
spherical particles. Figure 1 shows the focussing of the amplitude of the field when a plane wave
is incident on the lens from the right. The example proves the validity of homogenization using
Maxwell-Garnett and the accuracy of the simulation method.
3. A chiral medium
Now we consider particles that are metal spirals as shown in Fig. 2. The diameter of a particle is
2.202 mm and the perfectly conducting wire has an eliptical cross-section with a major diameter
of 0.14 mm and a minor diameter of 0.07 mm. The surface current density on the wire is
discretised using 4584 Rao-Wilton-Glisson basis functions. Figure 2 shows the current density
on the wire when a plane wave is incident at a frequency of 5.98 GHz.
Sperical clouds composed of randomly positioned and randomly oriented particles are build.
We consider clouds consisting of 125, 250, 500, 1000 and 2000 particles each with a density of
0.0345 particles per mm3. The centres of two particles are at least separated by 2.6 mm. In each
case we determined the effective material parameters by comparing the total T-matrix with that
of a homogeneous bi-isotropic sphere. We took the average of the effective material parameters
of each of these five constellations and we found ζ√0µ0 µµ0

0
ξ√
0µ0
 = ( 0.0007 + 0.2033j 1.1072− 0.0004j
1.6347− 0.0014j −0.0007− 0.2032j
)
, (1)
where we used the material parameter definitions of a bi-isotropic medium as defined in [3]. As
ζ = −ξ we indeed recover a reciprocal bi-isotropic medium, i.e. a chiral medium. Also note
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Figure 2: Surface current density on a perfectly conducting chiral particle.
Figure 3: Spherical cloud with 1000 particles.
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that the numerical simulations give rise to a lossless medium within numerical accuracy. The
variance on the matrix elements derived from the effective parameters of the five constellations
is (
0.0043j 0.011
0.022 0.0040j
)
. (2)
Hence, an accuracy between 1% and 2% on the effective parameters is obtained.
A spherical cloud with 1000 particles is shown in Fig. 3. Each small sphere on this figure
represents a spiral like particle as shown in Fig. 2.
4. Conclusion
We show that using advanced fast multipole methods it becomes possible the simulate finite
pieces of metamaterial comprising a very large number of scattering particles. We demonstrated
that this method allows for the extraction of effective parameters from a finite piece of meta-
material.
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